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WEIGHTED STATISTICAL CONVERGENCE OF DOUBLE SEQUENCES
IN TOPOLOGY

P. Bal* and P. Das

ABSTRACT. This research extends the concept of double weighted statistical den-
sity of two-dimensional natural number sequences, or double sequences, utilizing two
weight functions g and h all within the context of topological spaces. We explore the
product space of double weighted statistical convergence, providing a comprehensive
framework for analyzing convergence behavior in this more complex setting. Addi-
tionally, we introduce and examine the concepts of double weighted limit points and
double weighted cluster points. This work broadens the understanding of convergence
in topological spaces, offering new tools and perspectives for dealing with sequences
influenced by multiple weighting schemes.

1. INTRODUCTION

Both Fast [10] and Schoenberg [15] explored the idea as a summability tech-
nique and offered some basic properties of statistical convergence. Assume
that S C N and that the set containing all natural numbers is N. The natural
density (also known as the asymptotic density) of the set S is represented by
the symbol 6(5), where the expression for §(5) is

Ek<n:keS
5() = Jim =ik € SH
n—oo n
The concept of convergence was broadened in 1951 by Fast [10] to encompass

statistical convergence for real number sequences. The notion of statisti-
cal convergence in a topological space was first developed by Di Maio and
Kocinac [12]. In a topological space (X, 7), a sequence {a, : n € N} is said
to be statistically convergent to a € X if the natural density of the set
{n € N:a, ¢ U}, for any neighborhood U of a, is zero.

A modified form of asymptotic density was proposed by the authors of
[3], whereby n® 0 < a < 1 was substituted for n, which is defined as the
statistical convergence of order a. The natural density of the set .S of order
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« is represented by the symbol §%(S), which is as follows:

<n:
59(5) = Jim LF=n ik €SI

n—00 n

By replacing n® with a weight function g, the authors of [1] defined a more
general type of natural density in the manner g : N — [0, 00) such that
lim,, ,o g(n) = oo and lim,,_, ﬁ # 0. The weighted density is defined by
the notation d,(5) of the same set S C N using the following formula:

<n:
5,(S) = lim (FSnik€SH

Mursaleen and Edely[!3] contributed to the development of double sta-
tistical convergence in the early 2000s. The researchers extend the idea of
double convergence when there exists a nyg € N such that |x,,, — x| < €
for all m,n > ng then a double sequence {z,,, : (m,n) € N x N} is said to
be double statistical convergence and converges to xy. Some studies in this
direction can be found in [2, 8, 11].

Later Rakshit et. al.[l4] bring out an idea of double convergence for double
sequence under the effect of two parameters o and § where 0 < o, 5 < 1.

Following the works of [1, 6, 14, 13], in our investigation we adopt a new
notion called double weighted statistical convergence of double sequence with
two weight functions ¢ and h that defines with a mapping g : N — [0, 00)
such that limy, o 775 # 0 and limy, o gm) =00 ; and h : N — [0, 00)

n

such that lim,,_,~ o) # 0 and lim,,_,» h(n) = oco.

2. PRELIMINARIES

The underlying ideas and definitions required to comprehend the more com-
plex subjects covered in the paper on double weighted statistical convergence
in topological space (X, 7) are laid forth in this preliminary part. There
are no separation axioms offered, unless noted otherwise. We also adhere to
accepted ideas, terminology, and symbols from [9]. Some required certain
necessary definitions and ideas are included here for the convenience of the
reader.

Definition 2.1. [13] Let B be a subset of two-dimensional set of natural
number N x N. Then the double density of the set B is denoted by §(B) and
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given by

kE,)eB:k<m,I< Bon

d(B) = lim (kD) € = m,l < nj = lim —.

m,n—0o0 mn m,n—oo MmN

Definition 2.2. [13] A real double sequence z = {x,,,} is said to be statis-
tically convergent to x if for each € > 0 the set

{(m,n),k <m,l <n:|ry,, — x| > €}
has double density zero.

Definition 2.3. [3, 1] Let = {z; : k € N} be a real sequence and 0 < a < 1
be given. The sequence {x} : k € N} is said to be statistically convergent of
order « if there is a real number L such that
<n: —L| >
g WESncfee— Ll 2e}|

n—00 n

And we write s* lim,,_, x; = L.

Definition 2.4. [7] A sequence {a, : n € N} in a topological space X is said
to be statistically convergent of order o (0 < o < 1) to a € X, if for every

neighborhood U of a, 6* ({n € N:a, ¢ U})=0.

Definition 2.5. [I1] Let B C N x N be a two-dimensional set of natural

numbers. Then the double asymptotic density of order «, 3 of the set B is
denoted by §7(B) is given by

By ={(k,l) € B: k<m,l <
5%(B) = lim GDES m.l < ni
™M,n—00 manﬁ
Definition 2.6. [14] A double sequence {z,,,} in a topological space (X, T)

is said to be statistically convergent of order o, 5 (0 < @ < 1,0 < g < 1) to
xg € X, if for every neighborhood U of x(, the double asymptotic density of
order «, 5 of the set {(m,n) € Nx N: z,, ¢ U} is zero.

Definition 2.7. [1] Let P C N, g be a weight function and
P,={k<n:ke P}
Then the notation 6,(P) defines the weight density of the set P is given by

o k<0 ke Py
%(P) =l g(n) '

Definition 2.8. [0] Let g be a weight function. A sequence {z, : n € N} is
said to be g-statistically convergent to zy in a topological space (X, 1), if for
every neighborhood U of zg, §, {n € N:z, ¢ U}) = 0.
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Definition 2.9. [6] A subsequence {z,, : k € N} of a sequence
{z,, : n € N} is said to be s,-dense if {n € N : z,, € {x,,, : k € N}} is s;-dense.

Definition 2.10. [11] A subsequence {z,, », : (k,]) € N x N} of a sequence
{2y (m,n) € N x N} is called s*’-dense if

{(m,n) e NxN:xzy, € {xn.n (k1) € NxN}}
is s*’-dense.

Definition 2.11. [14] x € X is said to be a «, S-statistical limit point of
a double sequence (z,,,) in a topological space (X, 7) if there is a subse-
quence (2,5,) of (Zmn) such that §%° ({(myn;) : (k,1) € N x N}) # 0, where

hmm,n—>oo LTmyny = L.

Definition 2.12. [14] z € X is said to be a «, S-statistical cluster point of a
double sequence (z,,,) in a topological space (X, 7) if for each neighborhood
U of x 6% ({(m,n) e Nx N:x,, € U}) #0.

The weight functions g, h : N — [0, 00), defined as g(m) = In(1 + m) and
glm) =m0 < a < 1;and h(n) =In(l +n) and h(n) =n* 0 < a < 1 are
easily verifiable. These weight functions will be used in the development of
various examples in this study.

3. 84,,~CONVERGENCE IN TOPOLOGY

For two ordered pairs (p,q) and (m,n) of natural numbers (p,q) < (m,n)
if and only if p < m and ¢ < n.

Definition 3.1. Let S C Nx N be a two dimensional set of naturals numbers.
Then the double weighted density of the set S is utilized by the notation
dg1(S) and it is defined by

5,0(5) = lim [{(p.q) < (m,n) : (p,g) € S}
m,n—00 g(m)h(n)
Definition 3.2. Let g,h be two weight functions. A double sequence
{amn = (m,n) € N x N} is said to be double weighted statistical conver-
gence (or shortly s, ;-convergence) to ap in a topological space (X, 7), if for
every neighborhood U of ag d,,({(m,n) e NxN:a,, ¢ U}) =0.
For this study, we establish

Sgpn — lm ap,, = ap.
m,N—»00

Theorem 3.3. Every s, j-convergent double sequence is s-convergent.
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Proof. Let {ap, : (m,n) € N x N} be an s, ;-convergent sequence in a
topological space (X, 7) such that

Sgn — lm  ap,, = ap.
m,n—00

for every neighborhood U of ag, d,4({(m,n) e Nx N:a,, ¢ U})=0.
Let us consider the set {(m,n) € Nx N:a,, ¢ U} = B then §,,(B) = 0.

- i L2 EB:(pg) < (mn)i| _

. M, n—00 g(m)h(n) |

L He)EB <l
m,lrlgloo mn mal”gloo g(m)h(n) "

A, iy o0 28— £ 0. So,

[{(p,q) € B:(p,q) < (m,n)}|

lim =0.
m,n— 00 mn
Therefore, 6({m,n € NxN:ap, ¢ U}) =46(B) =0. Thus,
s— lim ay,, = ao.
m,n— 00
So, every s, p-convergent double sequence is s-convergent. [

Every weighted statistical convergence and double statistical convergence
be equate to each other when the weight functions g(m) = m and h(n) = n.
Hence s, ;-convergence and s-double convergence coincides. But the converse
of the above theorem may not be true so we will build up a counterexample.

Example 3.4. Let (X,7) be a topological space where X = {0,1} and
7={0,X,{0},{1}}. Let us consider the double sequence

{amn : (m,n) € N x N}
and two weight functions g(m) = In(1 +m) and h(n) = In(1 4+ n) such that
A 1, if m = p* and n = ¢?, for some (p,q) € N x N
"1 0, otherwise.

Open neighborhoods of 1 are Uy = X and Uy = {1}. So for the neighborhood
U of 1, the set

{(m,n) e NxN:ay, ¢ U}
= {(17 1)7 (17 8)7 (17 27)7 (17 64)7 T (47 1)7 (47 8)7 (47 27)7 T }
That implies the double weighted density of the set



{<m7n> € NxN: Amn ¢ UQ}
dgn({(m,n) € NXN:ay, ¢ Us})
= 90 ({(1,1),(1,8),(1,27), (1,64),- -, (4,1), (4,8),(4,27),- - })

1_ mn

= 11m

m,n—00 ln(l + mz) ln(l + n3)
= 00

£0.

Sq.h—lim

Therefore, ap,, #— 1.
Similarly open neighborhoods of 0 are V; = {X} and V, = {0}. So for the
neighborhood V5 of 0, the set
{(m,n) e NxN:ay, ¢ Va}
— {(17 2)7 (17 3)7 (17 4)7 B (27 1)7 (27 2)7 (27 3)7 T }

which implies the double weighted density of the set is
dgn({(m,n) e NXN:ay, ¢ Va})
= g,h({(lv 2)7 (17 3)7 (17 4)7 T (27 1): (27 2)a (27 3): T })
= 00

£ 0.

SO Gy, Sgﬂm 0.

Thus the double sequence {a,,} is not s, ,-convergent. But for the neigh-
borhood Uy of 1, the set {(m,n) € NxN: ay,,, ¢ U1} = 0 i.e. the asymptotic
density 0({(m,n) € NxN:a,, ¢ Ui}) = 0. Also for the neighborhood Us
of 1 the set

{(m,n) e NxN:ay, ¢ U}
- {(17 1)7 (17 4)7 (17 27)7 T (47 1)7 (47 8)7 (47 27)7 T }
i.e. the asymptotic density §({(m,n) € Nx N: ay,, ¢ Us}) = 0. Therefore,

s—lim
Q. 1.

Hence the double sequence {ap,,} is s-double convergent but not s, -
convergent.

Theorem 3.5. In a first countable space, if a sequence
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{amn ¢ (m,m) € N x N}
is Sqp-convergent to ag, then there exist
Q= {(Kl,Ll) < (KQ,LQ) < (Kg,Lg) < } CNxN

such that §,,(Q2) = lim,_, g(#;(n) and 1imy,, ,_c0 (m.n)eQ Gmp = o

Proof. Let {apn : (m,n) € N x N} be a double sequence in a first countable
space X such that s, — limy, 00 Gy = ag. Let By, 2 Bogy 2 B3gy 2 -
be countable decreasing local base of ay. For every » € N, we set
Q. = {(m,n) € NxN : ay,, € By,}. Clearly ; O Qy D Q3 O ---.
But

Sgn — lm  ap,, = ap.
m,n—00

So 8yn({(m,n) € NXN : app ¢ Brg}) = 0Vr € No ie. §,,(Q8) =0

Vroe N. e 6,5() = limy, o 28— ¥r € N. Let {—bm : i € N} be

a monotone increasing unbounded sequence. Take (p1,q1) € € arbitrarily
and as 0,5(€2) = limy, 00 =7 S0 there exists (ps2,q2) € €2 such that

g(m)h(n)
(p2,q2) > (p1,q1) and for all m > py and n > ¢y that implies
{(2,7) € Qa1 <m,j < n} . 2 X 2
g(m)h(n) 9(2)h(2)
As 0gn(Q3) = limy, o gy S0 there exists (p3,q3) € 3 such that
(p3,q3) > (p2,q2) and for all m > p3 and n > ¢3 that implies
{(i,7) € Q3 :1<m,j < n} - 3x3
g(m)h(n) g(3)h(3)’

Proceeding in this way we obtain (p,, ¢,) € €2, such that

(p1,q1) < (p2:q2) < (P3,q3) <+ < (Pr @)
and for all m > p, and n > ¢, that implies

{G) e i<mj<n}f
g(m)h(n) g(r)h(r)
Let € be the set which contains all the two-dimensional natural number
{(i,j) € Nx N : (i,5) € [L,p1] x [1,¢1]} and also contains all the two-
dimensional natural number {(7,j) € N x N : (i,7) € [pr, Pr+1] X [@r, @r41]}
where (r =1,2,3,---) which belong to €2,. So
() eQismi<nll  HG)EQ ismisn]

g(m)h(n) = g(m)h(n) ~ gh(r)
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for all (m,n) € Nx N and p, <m <p,.1, ¢ <n < g-11. Therefore,

n2

R )

Let Y be the neighborhood of ay and B, ,, C Y. If (,j) € Q such that i > p,
and j > ¢, then there exist a ¢t > r such that p; <7 < p;iq and ¢ < 7 < @y
So (i,7) € €. Thus for every (i,7) € Q, i > p, and j > ¢.. Therefore,
a;j € Biay C By CY. Thus limy, ;, 00 (mn)eq Gmpn = Qo ]

Example 3.6. Limit of an s, ;-convergent sequence may not be unique. Let
(X, 7) be a topological space where X = {0, 1,2} and 7 = {0, X, {0, 1}, {2} }.
Consider the weight functions g,h : N — N such that ¢g(i) = In(1 + 1),
h(7) = In(1 + j) and the double sequence {a; ; : (7,j) € N x N} where

{0, if i = p™ and j = ¢, for some (p,q) € Nx Nand m € N
O&Z']'Z

1, otherwise.

Open neighborhoods of 0 are V; = X and V5 = {0, 1}. So for the neighbor-
hood V; of 0, the set {(i,7) € NxN: «;; ¢ Vi1} = 0 which implies the double
weighted density of the set is 6,5, ({(7,j) € Nx N:a;; ¢ Vi}) = 0. Also the
set

{(an) € NxN: Qi 5 ¢ ‘/2} - {(17 1)7 (474)7 (277 27)7 (2567 256)7 o }
has the double weighted density zero. i.e.

0gn({(1,7) ENXN:a;; ¢ Va})
— 5, 0({(1,1), (4,4), (27,27), (256, 256), - - - }).

i 1)

= lim : :
ij—oo In(1 4 4%) In(1 + j7)
= 0.

Thus for every neighborhood V' of 0, d,,({(7,7) e NxN:a;; ¢ V}) =0.
Therefore,

Sg.n—lim
Qg —
But the neighborhoods of 0 are the only neighborhoods of 1. So for every
neighborhood of 1 the double weighted density

S,n({(i,j) ENXN:ay; ¢ V}) = 0.

Therefore,

Sg,n—lim
QO j e
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Thus the limit of the s, ,-convergence sequence {o; ; : (4,7) € N x N} is not
unique.

Theorem 3.7. In a Hausdorff space, the limit of an double weighted conver-
gent sequence 1S unique.

Proof. Let {c;; : (i,j) € N x N} be a double sequence in a Hausdorff space
X such that

Sg,n—lim Sg,n—lim

Qg — P and Qg — Q with P%Q

Since X is a Hausdorff space, there exist two open neighborhoods U,V € 7
such that Pe U and Q € V. Also UNV = (. Now,

5,0({(i,7) ENxN:ay; ¢ U}) =0,

ie. dn({(7,j) e NxN:o; € X\U}) =0. But V.C X\ U and since,
UnV =10. So
Sgn({(1,7) e NXN:o; € V}) <6n({(1,7) e NxN:oy; € X\U}) =0.

ie. dyn({(7,j) e NxN:a;; € V}) =0. ie.

. : L)
0gn(1(2,7) ENXN:ey,; € V}) = lim ———— # 0,
which contradicts the fact that
ai,jsgﬂ;'m Q
Therefore, P = (). Hence the limit of double weighted convergence sequence
is unique in Hausdorff space X. [

Example 3.8. Subsequence of s, j-convergent sequence may not be sg -
convergent. Let X = {p,q} and 7 = {0, X, {p}}. Then (X,7) is a topo-
logical space. Let us define the weight functions g(m) = In(1 + m) and
h(n) = In(1 4+ n) to solve this example. Considering the double sequence
{Zmn: (m,n) € N x N} where

q, ifm=4andn=j, (i,j) e Nx N
Tmn = .
p, otherwise.

for every open neighborhood W of p, 6,,({(m,n) e NxN:x,, ¢ W})=0.
So {Tmn : (Mm,n) € N x N} is s, ,-convergent sequence. On the other
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hand considering the subsequence {,, », : (k,1) € N x N} of the sequence
{Zmn: (m,n) € N x N} such that

{xkle, if both k£ and [ are odd.
L, =

Typkiy 41, if both k and [ are even.

Thus, for every open neighborhood U of p, the double weighted density
{(k,l) e Nx N:x, ., ¢ U}

Sgn({(k,]) e NXN: 2, », ¢ U}) = lim

k,l—00 g(k)h(l)
= lim i

ki—oo In(1 + 2k) In(1 4 21)
= 00
# 0.

Therefore, the subsequence {z,, », : (k,1) € N x N} is not s, ;-convergent
sequence.

We adopt the following notations:-
M : the collection of all statistically convergent sequences in a space (X, 7).
¢Mo : the collection of all s,-convergent sequences in a space (X, 7).
g.nMo: the collection of all s, j,-convergent double sequence in a space (X, 7).

Theorem 3.9. Let g1(z), g2(x), hi(z) and he(x) be weight functions. If
g1(n) < g2(n) and hi(n) < ho(n) Vn € N. Then 4 5, My C 4, 1, Mo.

Proof. Let {B,, : (p,q) € N x N} be an s, 5,-convergent sequence in a
topological space (X, 7) and for all n € N ¢g1(n) < g2(n) and hi(n) < ha(n).
Then there exist a by such that for every neighborhood W of by,

{(p,9) ENxN:B,, ¢ W}| _

lim 0.
MO0 g1(n)ha(n)
Now,
0— lim {(p,q) e NxN:B,, ¢ W}
m,n—00 g1 (n)hl (n)
> lim {(p,q) e NxN:B,, ¢ W}
m,n—00 gQ(n)hQ(n)
. lim {(p,q) e NxN:B,, ¢ W}
m,n—00 g2(n)h2(n)

= 0.
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ie. {Byg : (p,q) € N x N} is an s, p,-convergent sequence. Therefore,
ghthO g gg,thO' ]

Definition 3.10. A subset D C N x N is said to be double weighted statis-
tically g, h-dense (or shortly s, -dense) if

mn
Ogn(D) = lim ———.
D)= e ()

It is obvious that union of two s, ;-dense set is s, j-dense. But the inter-
section of two s, ;-dense set is not s, j-dense since, (N '\ 2N) N 2N = () while
both the set of odd natural numbers (N \ 2N) and the set of even natural
numbers (2N) are both s, ;-dense.

Definition 3.11. Let {as,, : (m,n) € N x N} be a double sequence in a
topological space (X, 7). Then a subsequence {ay, ., : (p,q) € N x N} is
said to be double weighted statistically g, h-dense (or shortly s, ;-dense) if
{(m,n) e NXN:z,, € {z,,nq : (p,q) € N X N}}is s, j-dense.

Theorem 3.12. In a topological space (X, T), a sequence is s, p-convergent
if and only if every s, -dense subsequence is s, p,-convergent.

Proof. Let {a,, : (p,q) € N x N} be a double sequence in a topological space
(X, 7) and every s, ,-dense subsequence of the sequence {a,, : (p,q) € NxN}
is s, p-convergent. Now, {a,, : (p,q) € NxN}is a subsequence to itself. Also,

{(m,n) e NxN:a, . €{ap,:(p,q) € NxN}}

lim
P,q—00 9(p)h(q)
i P4
a0 g(p)h(q)
£ 0.

Therefore, the double sequence {a,, : (p,q) € N x N} is s, ,-dense in itself.
So {ap, : (p,q) € N x N} is s, ,-convergent.

Conversely, let {a,, : (p,q) € N x N} is s, ;-convergent sequence and
the subsequence {a,, 4 : (m,n) € N x N} be an s, j-dense subsequence of
{apq : (p,q) € N x N}. If possible let us assume that the subsequence is not
sqp-convergent i.e. for each x € X there exist a neighborhood W of x such
that 0,0 ({(Pm, ) E NxNz:a, , ¢W})#0. Also

{(p,g) e NxN:a,, & W} D{(pm,q) e NxN:a, ., ¢ W}
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Le
Sgn({(p,q) e NXxN:a,, ¢ W})
> 3 n({(Pm, @) E NXNz:a, , & W})
# 0.
ie. 0gn({(p,q) € NxN:a,, ¢ W}) # 0 which contradicts the fact that

{apq: (p,q) € Nx N} is s, -convergent. Hence every s, j,-dense subsequence
of a Sg4,p-convergent sequence must be Sg,p-convergent. ]

4. S$¢,,~CONVERGENCE OF DOUBLE SEQUENCE IN PRODUCT SPACE

Theorem 4.1. If {a,, : m € N} and {b, : n € N} be two sequences in two

topological spaces (X,7) and (Y,o0) respectively such that a,, 8" a4 and
b, s’i)m b with limm_m% and limn_m% are finite. Then the double

sequence {(am,by) : (m,n) € NxN} is s, 5-convergent to (a,b) in the product
space X X'Y.

Proof. B = {P x @ : P € Tand (@ € o} is the base of the product space
X x Y. Let U be an arbitrary open neighborhood of (a,b). Then there
exist P x Q € B such that (a,b) € P x @ C U where a € P € 7 and

beQco. Buta, — aandb, Uy e lim,, o, dmENangPH _ g 5pq

g(m)
lim,, ., L2EN0EQH ) Now,

h(n)
iy M) €N XN (a,by) ¢ P x QY

m,n—00 g(m)h(n)
< iy WM EN:an ¢ PHn+|{n€N:b, ¢ Q}m
T m,n—o00 g(m)h(n)

. {meN:q,¢P}H .. n

lim lim ——
S M—00 g(m) X N—00 h(n)

. [{neN:b, ¢ Q} . m
+ nh_{go h(n) X %1_%0 7m)

Therefore, 6,,({(m,n) € N XN : (an,b,) ¢ px @}) = 0. So the double
sequence {(am,,b,) : (m,n) € NxN} is s, 5-convergent to (a, b) in the product
space X X Y. [

But the converse of the above theorem 4.1 does not guaranteed to be true.

Example 4.2. The s, j-convergence of the double sequence
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{(am,by) : (m,n) € N x N}
in the product space X X Y does not guaranteed that the sequences
{a;, - m € N} and {b, : n € N} are weighted statistical convergence in
the respective topological spaces. Let X = {r,s} and 7 = {0, {r}, {s}, X}.
Then (X, 7) is a topological space. Consider a double sequence

{(am,by) : (m,n) € N x N}
in the product space X x X where,

am:

r, if n = k¥, for some k € N
s, otherwise.

and

n

r, if n = k2, for some k € N
s, otherwise.

If we take the weight functions g(m) = In(1 + m) and h(n) = n2 for the
sequences {a,, : m € N} and {b, : n € N} respectively. Then {a,, : m € N}
is sg-convergent but {b, : n € N} is not sj-convergent. Now,

{(am,by) : (m,n) € N x N}
is a double sequence in the product space X x X, the smallest open set
containing {s} x {s} = {s,s} = U. For every open set V' containing {s, s},

{(l, k)l <m,k <nand (a,b;) ¢ U}|

lim
m.n—00 g(m)h(n)
, mn
= lim -
mn=00 In(1 4+ mm)n?z
= 0.

Thus,

Sg,n—lim

mn —> (8,5).

Hence the double sequence {(a,,b,) : (m,n) € N x N} in the product space
X x X is s, ,-convergent but its projection {b, : n € N} is not s,-convergent.

5. Sgp-LIMITS, S, 5-LIMIT POINTS AND s, ;-CLUSTER POINTS

Definition 5.1. In a topological space (X, 7), a point ¢t € X is said to be a
g, h-weighted statistical limit point of a double sequence

{tmn: (m,n) € Nx N}
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if there exist a subsequence {t,,, n, : (7,7) € Nx N} of {t,,,, : (m,n) € NxN}
such that the double weighted density of the set {(m;,n;) : (,j) € N x N} is
non zero.

Definition 5.2. In a topological space (X, 7), a point ¢ € X is said to be a
g, h-weighted statistical cluster point of a double sequence

{tmn: (m,n) € Nx N},
if for every neighborhood W of ¢ the double weighted density of the set
{(m,n) e NxN:t,, € W} is non-zero.

For our research, we use the following notations:
Ly p(tmn): the set of all g, h-weighted statistical limits of

{tmn: (m,n) € Nx N}

Agpn(tmn): the set of all g, h-weighted statistical limit points of
{tmn: (m,n) € Nx N}

Ly n(tmn): the set of all g, h-weighted statistical cluster points of
{tmn: (m,n) e Nx N}

Theorem 5.3. In a topological space (X, T), for any double sequence {t,},
the set I'yp(tmn) @s a closed set.

Proof. Let {t,,,, : (m,n) € N x N} be a double sequence in a topological
space (X, 7) with the set of g, h-weighted statistical cluster point 'y j,(£mmn)-
Let W be an arbitrary neighborhood of t € cl(I'y 4 (tmn)). So,

(W A Fg,h(tmn)) \ t} - 0.

Also let us consider another point ¢ € W NIy (¢ym,). Then there exist a
neighborhood V' of ¢ such that V' C W and

dgn({(m,n) e NxN} 1 t,, € V)=p#0.
Now, as W C V and ¢’ is a cluster point. So
{(m,n) e NxN:t,, eV} C{(mn) e NxN:t,,c W}
le.,

0#4p=3d,{(mn) e NxN:t,, eV}
< dgn({(m,n) e NxN:t,, e W}).

Therefore, §,,({(m,n) € NxN:t,, € W}) =p # 0and t € I'yp(tmm).
Thus, I'y 4 (tmn) = cl(Tgn(tmn)). Hence 'y (t,) is a closed set. O
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Theorem 5.4. In a topological space (X, T), for any double sequence {t,},
the set of all g, h-weighted statistical limit points of {t,n} is a subset of the
set of all g, h-weighted statistical cluster points of {t;.}.

Proof. Let t be g, h-weighted statistical limit point of a double sequence
{tmn: (m,n) € Nx N}. Then there exists a subsequence

{tmim, = (4,7) € N x N}
of {tyn : (m,n) € N x N} such that d,,({(mi,n;) : (i,7) € N x N}) # 0.
Also limy, s00 tm,n; = t. Let W be a neighborhood of the point ¢ and G be
any finite set with d,,(G) = 0. Now,
{(mi,n;): (4,7) e Nx N}\G C {(m,n) e NxN:t,, e W}

l.e.

0 # 0gn({(mi,n) - (i,7) € Nx N}\ G)

< dgn({(m,n) e NxN:t,,eW}).

Thus, d,,({(m,n) € NxN:t,, € W})#0. Sot € I'yp(tm,). Hence,
Agn(tmn) € g n(tmn)- O

Theorem 5.5. In a topological space (X, T), if there exists two double se-

quences {Pmn} and {qmn} such that 64 ,({(m, ) e NXN: pun # ¢un}) = 0.
Then Ag,h(pmn) = Ag,h(an) and Fg,h(pmn) — g h(an)

Proof. Let {pmn : (m,n) € Nx N} and {gn, : (m,n) € Nx N} be two double
sequences of the topological space (X, 7). Let p € Ay (pmn). Therefore, there
exists a subsequence {p,n,} of {Pmn} such that

697h({pmmj : (i,7) € N x N}) #£0.
Now,
{Qmmj : (Z,]) e N x N}
O {Pm, ¢ (6,5) € N N}\ {(m,n) € NX N : ppy # Goun}

le.,

0 7é 5g,h<{qminj . (27]) € N x N})
> 5y ({pmny © (i7) € N x N\ {(m,n) € N X N pn # un}).

But, 6,,({(m,n) € NXN : ppp # ¢un}) = 0. So p € Ayp(gmn). Thus,
Ay i (Pmn) € Agn(@mn), also it is clear from symmetry Ay p(gmn) € Agn(Pmn)
which implies Ay (Ppn) = Agn(@mn). Hence, Iy 1 (Dmn) = Ty n(@mn) can also
be easily shown in a similar way. ]
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Theorem 5.6. In a topological space (X, T), for any double sequence {t,},
Lg,h(tmn> g Fg,h(tmn)-

Proof. Let {t,,,,} is g, h-weighted statistically convergent toti.e. t € Ly p(tmn)-
Then for every neighborhood V of ¢, 6,,({(m,n) € NxN:t,, ¢ V}) =0.
ie. dgp({(m,n) € NxN:t,, € V})# 0. Thus, t € I'yp(ty,). Hence
Lg,h(tmn) - Fg,h(tmn)~ O
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