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SINGLE-VALUED NEUTROSOPHIC S-APPROXIMATION SPACES

M. Karimi, M. R. Hooshmandasl* and N. Zamani

ABSTRACT. This paper investigates the concept of single-valued neutrosophic S-
approximation spaces (SVNSs) and explores their fundamental properties. It is
demonstrated that SVNSs provide a unified framework for representing two well-
established models of single-valued neutrosophic rough sets. Furthermore, the prop-
erties of the lower and upper approximation operators defined in an SVNS are exam-
ined with respect to two essential conditions: (1) monotonicity and (2) compatibility
with complementation.

INTRODUCTION

S-approximation spaces were introduced in [3] as a generalization of rough
set theory and the Dempster-Shafer theory of evidence. Subsequently, Shak-
iba and Hooshmandasl studied S-approximation spaces from the perspec-
tive of three-way decision theory in [17], following the outline presented in
[30]. Furthermore, they extended S-approximation spaces to the context of
neighborhood systems in [18], based on the relational framework discussed
in [31]. Additional extensions to fuzzy sets [20] and intuitionistic fuzzy sets
[19] have also been proposed. The relationship between belief structures
and S-approximation spaces has been further explored in [21]. Moreover, S-
approximation spaces have been shown to express T-rough sets [5] as well as
neighborhood systems [9]. Their application in distributed decision-making
was investigated by Shakiba in [16]. A recent comprehensive survey on S-
approximation spaces is presented in [15].

Smarandache introduced the concept of neutrosophic set theory as a novel
branch of philosophy and employed it to develop a tri-component framework
for logic, set, and probability theories [22, 23]. The fundamental principle of
neutrosophy can be viewed as a generalization of many-valued logic, where
each logical statement is characterized independently by a degree of truth,
a degree of falsity, and a degree of indeterminacy. Notably, these three de-
grees are mutually independent. Each membership degree in a neutrosophic
set (NS) is a real standard or non-standard subset of the non-standard unit
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interval ]0~,17[ [13, 23]. To facilitate practical applications, Wang et al.
introduced the concept of single-valued neutrosophic sets (SVNSs) as a fur-
ther generalization of fuzzy sets and intuitionistic fuzzy sets [20], where three
membership functions are employed independently, each ranging within the
unit interval [0, 1].

The organization of the paper is as follows. Section 1 reviews the necessary
preliminaries and establishes the notation used throughout the paper. Section
2 presents the proposed extension of intuitionistic S-approximation spaces
to single-valued neutrosophic S-approximation spaces (SVNSs) through the
introduction of an uncertainty mapping. In Section 3, we propose a mono-
tonicity condition for SVNSs to ensure the preservation of several critical
properties. However, one of the most significant properties cannot be guar-
anteed unless the SVNS satisfies the complement compatibility condition,
which we introduce in Section 4. Finally, Section 5 concludes the paper and
outlines potential directions for future research.

1. PRELIMINARIES

We remind some basic concepts of S-approximation spaces and intuitionistic
S-approximation spaces in Sections 1.1 and 1.2, respectively. Then, we set
our notation for single-valued neutrosophic sets in Section 1.3. In Section
1.4, we will review two basic approaches for neutrosophic fusion of rough set
theory.

1.1. S-approximation spaces. The concept of S-approximation spaces was
introduced in [3] as a generalization of Shafer-Dempster belief functions [1]
as well as rough set theory [11]. Then, it was extended to three-way decisions
in [30, 17].

Formally, an S-approximation space is constructed over two finite non-
empty sets U and W which are connected by a knowledge mapping
T:U — P (W) and a decision mapping over the set W, e.g.

S:PW)xP((W)—{0,1}.
These four components define an S-approximation space G = (U, W, T, 5).

Given an S-approximation space GG, the lower and the upper approximations
of a set X C W are defined as

G(X)={z €U | S(T(x),X) =1}, (1.1)

and B
GX)={zecU|S(T(z), X =0}, (1.2)
respectively, where X¢ =W\ X.
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While designing S-approximation spaces, there are various different choices
for the decider mapping. Many different decider mappings are individually
treated in the literature, e.g. [12, 7]. However, some intrinsic properties of
these decider mappings can be used to characterize the properties for the
lower and the upper approximation operators. S-min deciders are identified
and studied in [8]. Partial monotone deciders are studied in [17] and shown
to be a generalization of S-min deciders.

Definition 1.1 (Partial monotone decider [17]). Let
S:P(W)xP((W)—{0,1}

and A, B C W. We use A <g B to denote that S(A, B) = 1. A decider S is

called partial monotone if X CY and A ¢ X imply that A g Y for any

A, XY C W. An S-approximation space whose decider mapping is partial
monotone is called a partial monotone S-approximation space.

Another class of deciders are complement compatible deciders, identified
and studied in [17].

Definition 1.2 (Complement compatible decider [17]). A decider mapping
S P(W)x P(W) — {0,1} is called complement compatible if either
S(T(z),X) = 0 or S(T(x),X¢) = 0 for all x € U and X C W. An
S-approximation space is called a complement compatible S-approximation
space if its decider is complement compatible.

Proposition 1.3 ([I7]). Let G = (U,W,T,S) be a partial monotone S-
approximation space. For all sets X, Y C W, the followings hold:

(1) X CY implies G(X) C G(Y),

/-\

(2) X CY implies G(X) C G(Y),
(3) G(X UY) 2 G(X) UG(Y),
(1) G(X NY) CTX)NG(Y),
(5) G(XUY) D G(X)UG(Y),
(6) GXNY)CGX)NG(Y),
(7) G(X) = (G(X))",

(8) G(X) = (G(X))“.

Proposition 1.4 ([17]). Let G = (U,W,T,S) be a complement compatible
S-approximation space. Then for any X C W, we have G(X) C G(X).

1.2. Intuitionistic S-approximation Spaces. The concept of S-approxim-
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ation spaces are generalized to intuitionistic fuzzy set theory [1] in [19]. In in-
tuitionistic fuzzy, or IF theory, the notion of a subset A of a set W is written
as A = {(z,pa(x),va(z)) | x € W} where pg,va: W — [0, 1] are degrees of
membership and non-membership of an element x € W in A, respectively.
Note that it is required that for every x € W, we have 0 < pa(x)+rva(x) < 1.
With these two degree functions, m4(z) = 1 — pa(z) — va(x) is defined as the
degree of non-determinacy of or hesitation of the membership of an element
z €W in A. We use ZF (W) to denote the collection of all the intuitionistic
subsets of W. For A € ZF (W), its necessity and possibility are defined as

OA = ({2, pala), 1 — pa(@) | @€ UY, (1.3)
and
QA ={(x,1 —va(x),va(z)) |2 €U}, (1.4)
respectively. The complement of A in the IF theory is
A° = {{, va(@), pale)) | € U} (1.5)

An intuitionistic fuzzy S-approximation space, or IF S-approximation space
for short, IFG = (U, W, T, S), is a the same as the standard S-approximation
spaces with the following exceptions:

e the knowledge mapping is changed to T : U — ZF (W)
e the decider mapping is changed to S : ZF (W) xZF (W) — [0, 1] x[0, 1]
with 0 < Proj? (S(T(z), X)) + Proj3 (S(T(x), X)) < 1, for all x € U
and X € ZF (W). Note that Proj! ((z1,...,2,)) = z;.
Foran IFG = (U, W,T,S), the intuitionistic fuzzy lower and upper approx-
imations of X, or IF lower and upper approximations, with respect to IF'G
are defined as

[FG (X) = {{, $,(T(x), X), S,(T(x), X)) |z €U}, (1.6)
and

TFG (X) = {(, $,(T(x), X°), Su(T(2), X)) |z €U}, (L7)
respectively. The IF lower and upper approximation operators are connected
in terms of the possibility and necessity operators.

Proposition 1.5 ([19]). Let IFG = (U,W,T,S) be an IF S-approzimation
space and X € TF (W). Then, the followings hold:

(1) OIFG (X) = (OLFG (X°)),

C

)
(2) OIFG (X) = (OTFG (X°))",
(3) OTFG (X) = (OLFG (X°))",
(4) OIFG (X) = (OIFG (X9))".
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The IF lower and upper approximation operators are turned into the lower
and the wupper approximations by employing a pair of thresholds
(a,7) € [0,1]* as follows: Let X € ZF (W). Then, its lower and the up-
per approzimations with respect to I FG and (a,r) are defined as

IFG,,) (X) = {z €U | 8,(T(2),X) > a

and S, (T(x), X) <1}, (1.8)
and
[FGor) (X) =1z €U | Su(T(2), X*) <a (1.9)
and 5,(T(x), X°) > r}, '
respectively.

Similar to standard S-approximation spaces, an IFS is called monotone if
A C B implies S,(T(x),A) < S,(T(x),B) and S,(T(x),A) > S,(T(z), B)
for every x € U and A, B € ZF (W). When an IFS is monotone, then its
IF'S lower and IFS upper approximations satisfy certain properties.

Proposition 1.6 ([19]). Let IFG = (U,W,T,S) be a monotone IF S-
approximation space, (a,r) a pair of thresholds, and X,Y € TF (W). Then,

(M1): X CY implies [IFG(X) CIFG(Y),

)

) (
): TFG(X NY) C TFG(
): IFG(X UY) 2 IFG(
): IFG(X NY) C IFG(
) a
)
)

U W(a,r)<y>
(MlO): W(a,r)(X N Y) -
(M11): IEGp (X UY)
(M12) @(a,r) (X M Y) C

[FG(CL’T)(X) M IFG(aﬂa)(
IFG(W) (X 1FG,
[FGo)(X) N IFG ().

(@

~

o
19
S
=

Note that in general we don’t have the inclusion IFG (X) C TFG (X)
for every X € ZF (W). The concept of complement compatible which is
introduced [19], guarantees this inclusion. An IFG is called complement
compatible if for every v € U and A € ZF (W), we have

Su(T(x), A) < 5,(T(x), A°).
For complement IFS, we have [FG (X) C IFG (X) for every X € ZF (W).
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1.3. Single-valued Neutrosophic Sets. The single-valued neutrosophic
sets (SVNS) as a subclass of neutrosophic sets, is presented by Wang et
al. [26] and can be used to represent uncertainty and inconsistency in the
data present at the science and engineering applications [27, 3, 32, 6, 29].
In this section, we review basic definitions of single-valued neutrosophic sets
and basic set operations among them, which are used throughout this paper.

Definition 1.7 ([20]). A single-valued neutrosophic set (abbreviated as SVNS)
A on a universal set U is defined as
A={<z,pa(x),va(x),wslz) >l x € U}, (1.10)

where 4 : U — [0, 1] is a truth-membership function, v4 : U — [0, 1] is an
indeterminacy-in-membership (a.k.a. uncertainty-in-membership) function,
and wy : U — [0,1] is a falsity-membership function. Note that it is also
required that for all € U, we have 0 < py(x) + va(z) + wa(z) < 3. The
class of single-valued neutrosophic sets on U is denoted by SV N(U).

The basic set operations are also defined for SVNS. We review some related
operations here. An interested reader can consult [26] for more operations.

Definition 1.8 ([20]). Let A = {< z, pua(x),va(x),wa(z) >| x € U} and
B ={<x,up(x),vp(x),wpx) >| x € U} be two SVNS on U. Then,
e Subset: AC B Ve eU, pa(r) < pp(x), valzx) > vp(r), wa(x) > wp(x),
e Equality:
A=B & Ve eUpa(r) = pp(z), valz) = vp(z),wa(z) = wp(z),
e Complement : ~ A ={< z,wa(x),1 —va(x),pa(x) >z € U},
e Union: AU B = {< z, puaup(x),vaup(x),waup(x) >| © € U} where
praup(x) = max{pa(x), pp(z)},
vaup(r) = min{vy(z),vp(z)}
and wayup(r) = min{w(z), wp(x)},
e Intersection: AN B = {< x, panp(x), vanp(r),wans(r) >| x € U} where
pranp(x) = min{pa(z), pp(x)},
vanp(z) = max{va(z),vp(z)}
and wanp(r) = max{wa(z),wp(x)},
o Necessity: A = {< x, pa(x),va(x),1 — pa(z) >| x € U},
e Possibility: 0A = {< z,1 —wa(x),va(x),wa(z) >z € U}
We can also define relations on SVNSs, as is stated in the following
definition.
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Definition 1.9 ([28]). Let U and W be two sets. A single-valued neutro-
sophic relation, SVNR, from U to W is a single-valued neutrosophic subset
of U x W. More formally,

R={<(x,y), ur(x,y),vr(z,y),wr(z,y) >| x,y € U x W}. (1.11)
The set of single-valued neutrosophic relations from U to W is denoted by
SVNR(U x W). For simplicity, if U = W, we use SVNR(U).
Similarly, the inverse relation of R € SVNR(U x W) is defined as

R ={<(y,2), ur-1(y, ), vp-1(y, ), wr-1(y,z) >| (y,2) € WxU}, (1.12)
where pg-1(y, ) = pr(x,y), vr-1(y,x) = vr(x,y) and wr-1(y, x) = wr(x,y).

The properties of the relations on ordinary sets are also extended to SVNS
as is given next.

Definition 1.10 ([28]). Let R € SVNR(U) be a SVNR over U. Then,

e R is called a reflexive SVNR, if for every u € U, pgr(u,u) = 1 and
vp(u,u) = wr(u,u) =0,

e R is called a anti-reflexive SVNR, if for every u € U, pugr(u,u) = 0 and
vr(u,u) = wr(u,u) = 1.

e R is called a symmetric SVNR, if for every u,v € U,

/LR(’U,, ?)) - MR(Ua ’U,), VR(uu U) - VR(U7 U’)

and wr(u,v) = wg(v,u).

e R is called a transitive SVNR, if for every u,w € U, we have

\/UGU(MR(U7 U) A MR(Uv w)) < MR(uv w)? (1'13)
Noer (Vr(u,v) V vg(v,w))) < vg(u,w), (1.14)
Noev ((wr(u, v) V wg(v,w))) < wg(u, w), (1.15)

where V and A denote the maximum and the minimum operators,
respectively.

1.4. Rough Neutrosophic Sets. In [2, 25], two foundational approaches
to the neutrosophic fusion of rough set theory were proposed: (1) rough
neutrosophic sets (RNSs) [2], and (2) neutrosophic rough sets (NRSs) [25].
Furthermore, Zhang et al. [33] provided a comprehensive analysis of neutro-
sophic models within the framework of rough set theory.

Definition 1.11 (RNSs [2]). Let U be a universal set and E be an equivalence
relation over U. For a SVNS A € SVN(U), the lower approximation £(A)
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and the upper approximation F(A) are defined as follows:

E(A) = {< z,pupw(r), vE)(T), wp)(r) >| v € U}, (1.16)
and
E(A) = {< z, ug4)(2), vpa) (@), wpay(z) > 2 € U}, (1.17)
where
ppw () =\ na(), vew(z) = va(y), wew (@) = \/ wa(y).
yElr|E yElrlp yElzlp
(1.18)
and
/LE(A)(ZU) = \/ pa(y), VF(A)(ZU) = /\ va(y), WE(A)(x) = /\ wa(y).
yElr]r yElr]p yElr]|p
(1.19)

The pair (E(A), E(A)) is called a rough neutrosophic set of A in (U, E).
The rough complement of E(A) is defined as ~ E(A) = (E°(A), E°(A)),
where

E°(A) = {< 2.wp(a)(2), 1 — v (@) pey (2) >z € U}, (1.20)

and
C

E(A) = {< 2, wp)(2), L — v (@), ppa)(r) >z € U} (1.21)

Definition 1.12 (NRSs [25]). Let U be a universal set and R € SVNR(U)
be a neutrosophic relation on U. For a SVNS A € SVN(U), the lower
approximation R(A) and the upper approximation R(A) are defined as follows

R(A) = {< , pray (@), vra) (2), wra) () > = € U}, (1.22)
and
R(A) = {< 2, b ) (), v ) (), way (2) >| @ € U}, (1.23)
where
pray (@) = Nwrle,y) vV paW)l, vea (@) = 11— vaz,y) v vay)l,
v < (1.24)
wry(®) =\ [ur(z,y) Awa(y)], (1.25)

yelU
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and
pren(@) =\ e, v) A pa®)], vaay (@) = )\ vr(z,y) Ava(y)], (1.26)
yelU yeU
wra)(z) = /\ [wr(w,y) Vwa(y)]. (1.27)
yelU

The pair (R(A), R(A)) is called a neutrosophic rough set, an NRS for short,
of A in the pair (U, R).

2. SINGLE-VALUED NEUTROSOPHIC S-APPROXIMATION SPACES

To extend S-approximation spaces, we generalize the knowledge and decider
mappings to support single-valued neutrosophic subsets, as formalized in Def-
inition 2.1. While it is also possible to approximate single-valued neutrosophic
(SVN) sets using intuitionistic fuzzy sets or crisp sets, these alternatives
are naturally encompassed by the more general framework. Consequently,
we focus on extending S-approximation spaces directly to single-valued neu-
trosophic sets, which we term Single-Valued Neutrosophic S-Approximation
Spaces (SVN-S spaces), and conduct a detailed investigation of approxima-
tion operators and their fundamental properties within this generalized set-
ting.

Definition 2.1 (Single-valued Neutrosophic S-approximation Space). A
Single-valued Neutrosophic S-approximation space, or SVN-S-space, is a
quadruple SVNG = (U, W, T, S) where U and W are non-empty sets, T is a
mapping of the form T : U — SYNS (W), and S is a mapping of the form
S:SVNS (W) x SYNS (W) — [0,1] x [0,1] x [0, 1].

Given the definition of SVN-S-space (Definition 2.1), we can re-define the
SVN lower and upper approximation operators as Definition 2.2.

Definition 2.2 (The SVN lower and upper approximation operators). Let
SVNG = (U, W, T,S) be an SVN-S-space and X € SYN'S (W). Then, the
lower and the upper approximations of X with respect to SVNG are defined
as

SVNG (X) = {(z, S"(T(2),X), S*(T(x), X), S*(T(z), X)) |z €U},
and
SVNG (X) = {{z,5*(T(2), X ),~ S*(T(z), X°), S (T (), X)) | z €U},

(2.2)
respectively. Note that
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S(X,Y) = (SY(X,Y),S*X,Y),S3X,Y)) € [0,1] x [0,1] x [0, 1]
for X,Y € SUN'S (W).

Remark 2.3. Note that the Definition 2.2 captures the lower and the up-
per approximation operators defined in [, 10, 24, 19, 20], as we discuss in

Corollary 2.4.

Corollary 2.4. Let SVNG = (U, W, T, S) be an SVN-S-space. Then,

e For the approximation pair in [10], we define
T(u) = Ri(u), SY(A,B) = Ayjearsy), S?AB) = V,ca08(y) and
SGI(A,B) = \/yeA vg(y) for u € U. This way, the lower and the upper
approrimation operators coincide.

e To obtain the approzimation pair in [1], we can set T(u) = R(u), and
SW(A, B) = inf T(pa(x), up()). (2.3)
S®(A, B) =sup T (oa(x), o5(x)), (2.4)
reB
S®(A, B) = sup T (va (@), 75(2)). (2.5)
Tre
e For the pair in [21], it is enough to consider T'(u) = R(u), and
SW(A, B) = Awew (pp(w) V (1 = pa(w))), (2.6)
SA(A, B) = Vyew (op(w) A oa(w)), (2.7)
SU(A, B) = Vuew (v5(w) A va(w)). (2.8)

In the following theorems (Theorems 2.5 and 2.6), corresponding to NRS
and RNS models, we define the SVN S-approximation spaces that achieve
these models.

Theorem 2.5 (Expressing the NRS with S-neutrosophic). Let U be a uni-
versal set and R € SVNR(U) be a neutrosophic relation on U. Then, there
is a neutrosophic S-approrimation space G such that R(A) = G(A) and
R(A) = G(A), where (R(A), R(A)) is the neutrosophic rough set correspond-
ing to A€ SVN(U) in the NRSs model.

Proof. Let R € SVNR(U) be as

R = {{(u,v), pr(u,v), vr(u,v),wr(u,v)) | (u,v) €U x U} . (2.9)

According to R, we define S-neutrosophic G = (U,U, T, S) as follows:
Let T: U — SVNS(U) be defined as

T(u) = {{v, pr((u, v), vr((u, v), wr((u,v))) [v e U} (2.10)
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and S(A,B) = (Sl(A, B),SQ(A,B),S?’(A, B)) for A,B € SVNS(U) be
defined as

SHT(u), A) = Nvev [wr(u, v) V pa(v)],
S%(T(u), A) = Aper [(1 — vr(u,v)) V va(v)], (2.11)
S*(T(u), A) = Ver [pr(u,v) Awa(v)].

For an A = {{(v,pa(z),va(x),wa(z)) | x € U}, the lower and the upper
approximations of A with respect to model NRS (U, R) are defined as

R (A) = {{u, pr(a)(u), vaay(w), wra)(u)) lu € U},
={< u, Npev [wr(u,v) V ua(v)], Avev [(1 — vr(u,v)) V va(v)],
Vet [/LR(U ’U) \/wA( )] > |u € U}

={(u, SN(T(u), A), S*(T(u), A), S*(T(u), A)) |u € U}
—SVNG (A) ,
(2.12)
and
R (A) = { (u, ) (), vy (1) oy () ) [u € U}
={<u, Voev [pr(u, v) A pa(v)], Voer [Vr(u, v) Ava(v)],
Noer [wr(u,v) Vwa(v)] > lue U}, (2.13)
= {(u, S*(T(u), A°), =S*(T(u), A°), S' (T (u), A%)) lu € U}
=SVNG (4),
respectively. So, the NRSs model is expressible in terms of the neutrosophic
S-approximation spaces. []

Theorem 2.6 (Expressing the RNS with S-neutrosophic). Let U be a uni-
versal set and E be an equivalence relation over U and A € SVIN(U). Then

there is a neutrosophic S-approzimation spaces G such that E(A) = G(A)
and E(A) = G(A), where (E(A), E(A)) rough neutrosophic set of A in the
model RNSs.

Proof. In the model RNSs, lower approximation £ (A) and upper approxima-
tion E(A) are defined as follows

E(A) = {< 2, ppay(2), vpa) (), wr)(z) >z € U}
and B
E(A) = {< x, pipa)(7), VE(4)(2), WEa)(2) >[ 2 € U}
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where
e () = 1a(y), vew(z) = \/ va(y), wp)(x) = wa(y),
yelr|p yElr]m yElr]|p
and
ME(A)(iU) = \/ a(y), DE(A)(@ = /\ va(y), WE(A)(«%') = wa(Y)-
yElr]r yElr]p yElr]|p

Now we define R € SVNR(U) as follows

R = {< (u,v), up(u,v), va(u, v),wp(u,v) >| (u,v) € U x U},
where

) |1 veulg,
Hplu,v) = 0 otherwise, (2.14)

wp(u,v) =1 —pp(u,v), va(u,v) = pp(u,v).
It is clear that

Nvefulgha(v) =min {pa(v)fv € [ulg},
=min {pa(v) Vwp(u,v)v € U},

since f1p(u,v) = 1 if v € [u]p (2.15)
= Nver (wp(u,v) V pa(v))
and
Voelulswa(v) =max {wa(v)|v € [u]g},
=max {wa(v) A pp(u,v)lo € U}, (2.16)

since pp(u,v) = 1if v € [ulp

= Vyer (pp(u,v) Vwa(v)) .

According to the above definitions, we define S-neutrosophic G = (U, U, T, 5)
as follows:
The mapping 7" : U — SVNS(U) is of the form

T(u) = {<v,, pp(u,v),va(u,v),ws(u,v) > ve U} (2.17)
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and S is defined as S = (SW, S?), SG)) such that for every A € SVNS(U)
and u € U,

It is clear
~ 5(2)(T(u), A%) = Nper g(l —vp(u,v))V ~ VAC(U))
= Nver (wp(u,v) V va(v))
= /\ve[u]EVA(U)-
Therefore

E(A) ={< u, ppa)(v), vga)(uw), wga)

(z) >z e U}
={< u, /\ pa(v), \/ va(v),

\/ wa(v) >z e U}
[u

velu]p veu]p IF2

(
—{< u, SY(T(u), A), S®(T(
—SVNG(A)

v

)
e (2.19)
),A),S(?’)(T(u),A) >z eU}

and
E(A) ={<u  BE ) (W), g4y (0), wpay () >| z € U}

={< u, \/ pa(v), va(v), /\ wa(v) >z e U}

vE[ulg vElulp vE(ulp
={< u, S¥(T(u), A%), ~ SN (T (u), A%), ST (u), A°) >| z € U}
—SVNG(A)
(2.20)

So the RNSs model is expressed as a neutrosophic S-approximation space. [

Proposition 2.7. Let SVNG = (U,W,T,S) be an SVN-S-space and
X € SYNS (W). Then, the followings hold:

(1) OSVNG (X) = (0SVNG (X)),
(2) SVNG (X) = (0SVNG (X°)),
(3) OSVNG (X) = (O M(XC))",
(4) OSVNG (X) = (OSVNG (X))“.
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Proof. We just prove (1). The others can be proved in a similar way. By the
definition of the upper approximation for an SNV-S-space, we have

SVNG (X)
= {< 2,89(T(2), X), 1 = SP(T(x), X), SV (T(x), X) >| = € U}.
(2.21)
After applying its necessity, we arrive at
OSVNG (X)
— {< 2, SU(T(2), X°),1 - SO(T(), X),1 - SH(T(x), X°) >| 2 € U}.
(2.22)
Similarly,
OSVNG (X°)
={<z,1-S¥(T(x), X%, ST (x), X),SO(T(zx),X) >z €U}.
(2.23)
After applying the complement operation, we have
(OSVNG (X*))°
= {< 2, 8¥(T(x), X°),1 - SO(T(x),X°),1 - SO (T(x),X) >| x € U},
(2.24)
which concludes the proof, i.e. OSVNG (X) = (OSVNG (X*¢))°. O]

The value of S (1)(A, B) can be interpreted as the degree of acceptance of
the set A as the set B. Moreover, the value of S©®)(A, B) denotes the degree
of uncertainty of the set A as the set B. Finally, the value of S®)(A, B)
denotes the degree of rejection of the set A as the set B.

We use a threshold triple (a,r,s) € [0, 1]3 to define the lower and upper
approximations of a single-valued neutrosophic set as a crisp set with the
following interpretations: The parameter a € [0, 1] denotes an acceptance
accuracy threshold, r € [0, 1] denotes the rejection accuracy threshold, and
s € [0,1] denotes the uncertainty accuracy threshold. A sample application
of these threshold values in conjunction with a decider mapping in an SVN-
S-space is given in Table 1.

Using these interpretations, we can modify the lower and upper approxi-
mation operations in Definition 2.2 using these thresholds. This is considered
next.

Definition 2.8. Let SVNG = (U,W,T,S) be an SVN S-approximation
space, (a,s,r) € [0,1]* a set of thresholds and X € SVNS (W). Then,
the lower and the upper approximations of X with respect to G and (a, s, 7)
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TABLE 1. The intepretations of a, r, and s as the acceptance and the rejection

and the uncertainty thresholds for z € U and X € SYN'S (W).

Status

Interpretation

S(l)(T(:z:),X) > a

The element x can be accepted as the
set X with accuracy of at least a

SU(T(2),X) <a

The element x cannot be accepted as
the set X with accuracy of at least a

The uncertainty in any decision made
by S for an element x with respect to
a set X is at least s

The uncertainty in any decision made
by S for an element = with respect to
a set X is less than s, i.e. bounded
by s

The element x can be rejected as the
set X with accuracy of at least r

The element x cannot be rejected as
the set X with accuracy of at least r

are defined as
SVNG(46.r) (X)

={zcU | ST (z),X)>a, SO(T(x),X)<s, SOT(z), X)<r}
(2.25)

SVNG 45 (X)

={z cU | SV(T(z), X < a, SH(T(x), X) > s, SO(T(x), X) >r}.
(2.26)
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In other words, the lower approximation of X € SYNS (W) in Definition
2.8 consists of elements x € U which can be accepted as X with accuracy of
at least a and cannot be rejected with accuracy of at least r and the uncer-
tainty in both decisions is bounded by s.
Similarly, The upper approximation of X € SVNS (W) contains elements
x € U that cannot be accepted as X¢ with accuracy of at least a and can be
rejected as X¢ with accuracy of at least r and the decision has unbounded
uncertainty with respect to s. Note that the lower and the upper approxi-
mations of a set X can be defined as follows, too:

SVNG (g (X) ={z € U | SV(T(z),X) > anSH(T(x),X) < s}, (2.27)
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and

SVNGp (X)={z €U | (1-SH(T(2), X)) < s NS (T(2), X) >r}.
(2.28)
Then, we would have

SVNG(s.) (X) = SVNG(,4) (X)N (SVNG(W) (X))° (2.29)
and
SVNG 4.1 (X) = (SVNG(%S) (XN (SVNG(M) (X)) (2.30)

These two equalities can be easily obtained from the definitions. Similarly,
it is easy to see that SVNG ) (X) = SVNG(, 4 1) (X) and

SVNG(;, (X) = SVNG( 4, (X)
for 0 < a,s,r < 1. Hence, these two operators can be obtained from each

other whenever (a,s,r) € [0,1]3. However, we stick to the one in the Defini-
tion 2.8, because it makes the notation much simpler in the sequel.

3. MoONOTONE SVN S-APPROXIMATION SPACES

In searching for certain decision mappings in S-approximation spaces which
ascertains some necessary properties for the lower and upper approximation
operators, the notion of partial monotonicity was proposed in [17]. A modi-
fied version of this notion for SVN S-approximation spaces can be stated as
follows.

Definition 3.1 (Monotone SVN S-approximation Space). Let
SVNG = (U, W, T, S)

be an SVN S-approximation space. Then, G is called partial monotone if
A C B implies SW(T'(z), A) < SO(T(x), B), S®(T(x),A) > S (T(x), B)
and SO)(T(z), A) > SGN(T(x), B) for every x € U and A, B C SYN'S (W).
Proposition 3.2. Let SVNG = (U, W,T,S) be a partial monotone SVN
S-approximation space and X,Y € SYNS (W). Then,

(1) X CY implies SVNG (X) C SVNG (Y),

(2) X CY implies SVNG (X) € SVNG (Y),

(3) SVNG (X UY) 2 SVNG (X) USVNG (Y),
(1) SVNG (X NY) C SVNG (X) nSVNG (Y),
(5) SVNG (X UY) 2 SVNG (X) USVNG (Y),
(6) SVNG (X NY) C SVNG (X) N SVNG (Y)
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Proof. The proof is as follows:

(1) Given X C Y, then Y C X° Hence, by monotonicity of SVNS we
have SW(T'(x),Y?) < SWO(T(z), X°), S®(T(z),Y®) > SO (T(x), X°) and
ST (2),Y®) > S®(T(x), Xc). So, SVNG (X) C SVNG (Y).

(2) Since SVNG is monotone, then X CY implies

SO(T(x),X) < SO(T(2),Y), S&(T(x),Y) > S (T(z), X)

and SO)(T(z),Y) > SO)(T(z), X). Therefore, by the definition of the lower
approximation operator, we have SVNG (X) C SVNG (V).

(3) By X € XUY and property (1), we have SVNG (X) C SVNG (X UY).
Similarly, we can obtain SVNG (Y) C SVNG (X UY') which concludes the
proof.

(4) X NY C X and property (1) imply SVNG (X NY) C SVNG (X).
Similarly, we can obtain SVNG (X NY) C SVNG (Y) which concludes the
proof.

(5) X € X UY and property (2) imply SVNG (X) C SVNG (X UY).
Similarly, we can obtain SVNG (Y) € SVNG (X UY') which concludes the
proof.

(6) X NY C X and property (2) imply SVNG (X NY) C SVNG (X).
Similarly, we can obtain SVNG (X NY) € SVNG (Y') which concludes the
proof. [

Proposition 3.3. Let SVNG = (U, W, T, S) be a monotone SVN S-approzim-
ation space, (a,s,r) a triplet of thresholds and X, Y € SYNS (W). Then,
(1) X CY implies SVNG, 5, (X) € SVNG, 5. (Y),
(2) X g Y z'mplies SVNG(%S’T) (X) g SVNG(G’&T) (Y),
(8) SVNG (g5, (X UY) D SVNG (g (X) USVNG(, 5, (Y),
(4) SVNG (gs,1) (XNY)C SVNG 4,5, (X)nN SVNG 4,5, (Y
(5) SVNG( ) (XUY)D SVNG(&&T) (X)U SVNG(%S’T) (Y
(6) SVNGy5,) (X NY) € SVNG(q5,) (X) () (

1 1

1<
a,s,r
a,s,r ’

)
),
)
)

Y).

a,s,r

Proof. The proof is as follows:

(1) GivenX C Y, then we have Y C X°. Hence, the monotonicity of SVNG
implies SW(T(z),Y*) < SW(T(x), X¢), S@(T(z),Y*) > S (T(x), X¢), and
ST (x),Y*) > SO(T(x), X).

Assume that z € SVNGq,,,) (X), then we have

SW(T(z), X) < a, SO(T(x),Y*) > s,
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and S®)(T(z),Y®) > r which implies

SW(T(x),Ye) < SI(T(z), X
SO(T(x),Y*") = SO(T(x), X) > s,
SGN(T(x),Y) > SON(T(z), X

Thus, we have, € SVNG 4, (Y).
(2) Since SVNG is monotone, then X CY implies

SO(T (), X) < ST (x),Y), ST (x), X) 2 ST (x),Y),

and S®(T'(z), X) > S®(T(x),Y). Assume that z € SVNG,, (X). Hence,
we have SW(T'(z), X) > a, S?(T(z), X) < s, and S®(T(z), X) < r. There-
fore, a < SO(T(x), X) < SU(T(x),Y), s > SO (T(x), X) > 8O(T(x),Y),
and r > SG)(T(z), X) > SO)(T(z),Y) which implies that

T < SVNG(%&T) (Y)
(3) By X € X UY and property (1), we have
SVNG(Q,S’T) (X) - SVNG((L&T) (X U Y).

Similarly, we can obtain SVNG, ;) (Y) € SVNG(,s,) (X UY) which con-
cludes the proof.
(4) By X NY C X and property (1), we have

SVNG(G’S,T) (XNY)C SVNG((I’S’T) (X).

Similarly, we can obtain SVNG,,) (X NY) € SVNGq) (Y), which con-
cludes the proof.
(5) By X € X UY and property (2), we have

SVNG(Q,S’T) (X) C SVNG(G’S’T) (X U Y)

Similarly, we can obtain SVNG, ) (Y) € SVNG(, ) (X UY), which con-
cludes the proof.
(6) By X NY C X and property (2), we have

SVNG(G,SJ«) (XNY)C SVNG(Q’S’T) (X).

Similarly, we can obtain SVNG ) (X NY) € SVNGq ) (Y), which con-
cludes the proof. Il
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4. COMPLEMENT COMPATIBLE SVN S-APPROXIMATION SPACES

The notion of complement compatibility was introduced in [17] in order to
make the lower approximation of a set included into the upper approximation
of that set. For the same reason, we will introduce the notion of complement
compatibility for single-valued neutrosophic S-approximation spaces as fol-
lows.

Definition 4.1. Complement Compatible SVN S-approximation Space Let
SVNG = (U,W,T,S) be an SVN S-approximation space. Then, SVNG
is called complement compatible if SW(T(z),A) < S®(T(x), A°) and
SO(T(z), A) >~ SO(T(x), A°) for every x € U and A € SYN'S (W).

Proposition 4.2. Let SVNG = (U, W, T, S) be a complement compatible SVN
S-approzimation space and X € SYN'S (W). Then, SVNG(X) C SVNG(X).

Proof. The proof is clear from the definition of the complement compatibility.
]

5. CONCLUSION AND FUTURE INTERESTS

We introduced neutrosophic sets into S-approximation spaces (SVNSs) and
defined the corresponding lower and upper approximation operators. Further-
more, we investigated the properties of these operators for SVNSs in general,
with particular attention to monotonicity, as well as their behavior under the
complement compatibility condition.

Future research directions in this field are multifaceted. One promising av-
enue involves defining three-way decision regions and applying these frame-
works to medical image processing. Another potential direction, as suggested
by one of the reviewers, is to develop an S-approximation space based on the
Dezert-Smarandache Theory (DSmT). Additionally, the study of algebraic
structures capable of modeling neutrosophic S-approximations, and the in-
vestigation of how approximation operators induce congruence relations and
quotient structures, also constitute important areas for further exploration.
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