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L-ALGEBRAS WITH HYBRID STRUCTURES

A. Paad

ABSTRACT. In this paper, the notion of hybrid structure on L-algebras is introduced,
along with some related properties. Moreover, the concept of hybrid ideals in L-
algebras is presented, and several related results are discussed. In the following, the
quotient L-algebras that respect a hybrid ideal of an L-algebra are studied. Finally, it
is proved that there is a one-to-one correspondence between the set of all congruence
relations and the set of all hybrid ideals, given a few additional conditions.

1. INTRODUCTION

L-algebras, which are related to algebraic logic and quantum structures,
were introduced by Rump [7]. Many examples show that L-algebras are very
useful. Since L-algebras have applications in various fields, such as number
theory [9], group theory [3, 11], and lattice theory [10], their study remains
a topic of current interest. Yang and Rump [12] characterized pseudo-MV-
algebras and Bosbachs non-commutative bricks as L-algebras. Wu and Yang
[11] proved that orthomodular lattices constitute a special class of L-algebras
in distinct ways. Additionally, other mathematicians have examined the rela-
tionship between basic algebras and L-algebras. Wu et al. [13] demonstrated
that every lattice-ordered effect algebra possesses an underlying L-algebra
structure. Moreover, non-classical logic has emerged as a formal and effective
tool in computer science for handling uncertain information. From a logical
point of view, various ideals and congruence relations correspond to different
sets of provable formulae. That is, ideal theory and congruence relations oc-
cupy significant roles in the study of non-classical logical algebras. Following
the introduction of fuzzy sets by Zadeh [15], the theory has been applied in
various domains of computer and management sciences, including artificial
intelligence, expert systems, operations research, pattern recognition, robot-
ics, control engineering, and more. Molodtsov [5] introduced the concept of
soft sets to address uncertainties while avoiding difficulties associated with
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conventional theoretical approaches. The notion of hybrid structure was in-
troduced by Jun, Song, Muhiuddin, and Paad [2, (] as a parallel framework
combining fuzzy and soft sets. This concept was initially applied to a set of
parameters in a universal set and was later extended to BCK/BCI algebras
and linear spaces. Inspired by this development, we explore hybrid struc-
tures within L-algebras, introducing the concepts of hybrid subalgebras of
L-algebras and examining some of their properties.

This paper is organized as follows: In Section 2, the basic definitions, prop-
erties, and theorems of L-algebras and hybrid structures are reviewed. In
Section 3, the notion of hybrid structure on L-algebras is defined, and some
of its properties are provided. In Section 4, the concept of hybrid (pre)ideals
in L-algebras is introduced, along with some related results. Subsequently,
quotient L-algebras respecting a hybrid ideal of a KL-algebra are presented,
and it is shown that this quotient structure forms an L-algebra for any hybrid
ideal. Finally, it is proved that there is a one-to-one correspondence between
the set of all congruence relations and the set of all hybrid ideals, given a few
additional conditions.

2. PRELIMINARIES

In this section, we give some fundamental definitions and results. For more
details, refer to the references.

Definition 2.1. [I] An L-algebra is an algebraic structure (X;—, 1) of type
(2,0) satisfying

(Ll)x wz=x—1=1and 1l -z ==z,

(L2) (x = y) = (= 2)=(y = z) = (y = 2),

(L3)ifx > y=y — o =1, then x =y, for any z,y, 2z € X.

Condition (L1) states that 1 is a logical unit, while (L2) is related to the
quantum Yang-Baxter equation. Note that a logical unit is always unique.
By (L3), the relation x < y if and only if + — y = 1, defines a partial order
for any L-algebra X. If X admits a smallest element 0, then X is called a
bounded L-algebra. Let (A,—,1) and (B, —,1) be two L-algebras. A map
f A — B is called an L-homomorphism if f(z — y) = f(x) — f(y), for
all x,y € A.

Definition 2.2. [7] An L-algebra (X; —, 1) which satisfies the following con-
dition

r— (y—x)=1 (K)
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for any x,y € L, is called a KL-algebra. A CL-algebra is an L-algebra
(X;—,1) such that
(= (y—=2) =2 y—@—>22)=1 (C)
Moreover, if X satisfies condition (C'), then
r=((z—=y) =y =1 (D)

Definition 2.3. [3] Assume (X, —,1) is an L-algebra. The nonempty set
H C X is called a subalgebra of X if, for any x,y € H, x -y € H.

Definition 2.4. [7] A subset I of an L-algebra (X; —, 1) is called an ideal of
X if it satisfies the following conditions for all z,y € X,

(I1) 1€,

(12)ifx € I and x -y € I, theny € I,

(I3)if x € I, then (x — y) — y € I,

(I4)ifzel, theny >z € landy — (x —y) € [.

Clearly, {1} and L are two trivial ideals of L-algebra. An ideal I of X is
called a proper ideal if I # X. The set of all ideals of L is denoted by I(X).

In the following, we shall use conventions I for the unit interval, X for the
set of parameters and P(U) for the power set of an initial universe set U.

Definition 2.5. [2] A hybrid structure in X over U is defined to be a mapping
@/\ = (957)‘) P X — P(U) X ]7$ — (@(I’),)\(.ﬂ?))

where ¢ : X — P(U) and X\ : X — [ are mappings.

Moreover, the sets Pyla,t] == {z € X | ¢(z) 2 a, A(x) < t} is called [a, t]-

hybrid cut of ).

Let 8 : X — Y be a mapping from a set X to aset Y. For a hybrid structure
@, in Y over U, consider a hybrid structure 37(3,) := (871(@), 871(v)) in X
over U where 371(9)(z) = ¢(B8(z)) and B~ (v)(z) = v(B(z)), for all z € X.
We say that §7'($,) is the hybrid preimage of ¢, under 8. For a hybrid
structure ¢, in X over U, the hybrid image of ¢, under § is defined to be a
hybrid structure S(y) := (6(¢), 5(A)) in Y over U where

N U o) if 7' (y) #0,
B)(y) = { ,
otherwise.
Aax) if B~ (y) #0,

X
1 otherwise.
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Note. From now on, in this paper, we assume (X;—,1) is an L-algebra
unless stated otherwise.

3. HYBRID STRUCTURES ON L-ALGBRAS

In this section, hybrid structures on L-algebras are introduced, and some
related results are provided.

Definition 3.1. Let X be an L-algebra. Then a hybrid structure @) in X
over U is called a hybrid subalgebra of X over U if the following condition
holds for all z,y € X:

(HL) @%w3¢()¢@%MV+wSM@VMw

Example 3.2. [1] Let X = {0,a,b,1} be a chain where 0 < a < b < 1.
Define the operation — on X as follows:

Table. 1: Implication

—10]lalb]|1l
0O |1]1|1]1
a |[b|1|1]1
b lala|l]|l
1 |Ofla|b|l

Then (X, —,0,1) is a bounded L-algebra. Let U = {uy,us, us, ug, us} be
an initial universe set and @) = (¢, A) be a hybrid structure in X over U

which is given by Table. 2

Table. 2: Hybrid structure
O A
{uy,us, ug} 0.5
{U3,U4} 0.4
{ug, us, us} 0.3
U 0.2

Then, through direct calculations, we verify that ¢, is a hybrid subalgebra
of X over U.

Lemma 3.1. Let ¢y be a hybrid subalgebra of X over U. Then for allx € X,
@(1) D ¢(x) and A(1) < A(x).
Proof. Since by (L1), x — x = 1, we get that
p(1) = oz = x) 2 p(x) N @(x) = ()
and A(1) = Ma — x) < A\ (z) V A(z) = (). O

S O
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Theorem 3.2. Let X be an L-algebra and py be a hybrid structure in X over
U. Then the following statements are equivalent:

(1) @i is a hybrid subalgebra of X over U.

(17) For any o € P(U) and t € I the nonempty sets

pa(@) i={r e X [a C o(z)}

and px(t) :={x € X | Mxz) <t} are subalgebras of X

Proof. (i) = (i7): Assume that ¢, is a hybrid subalgebra of X over U and
a € P(U), t € I such that ¢)(«) # 0 and @x(t) # 0. If z,y € Pr(a) NPA(t),
then a C ¢(x), ¢(y) and A(x), A(y) < t. Now, by Definition 3.1,

Pz —y) 2 ¢(x) N@(y)

and A(x — y) < A(z) V A\(y) and since ¢(x) N @(y) 2 a and \(x) V A(y) < t,
we obtain ¢(x — y) 2 a and A(x — y) < t. Thus, x — y € @\(a) N @A(1).

(17) = (i): Let @x(a), @a(t) be subalgebras of X and x,y € L be such that
¢(x) = ay and $(y) = ay. Then by taking o = a,Nay, , we have z,y € @y (o).
Indeed, @ = a; Nay, = §(x) N @y) S @(2), P(y) and so a C G(z), §(y).
Hence, z,y € ¢x(a) and so x — y € Pr(a). Thus, o C ¢(z — y) and
so p(z — y) 2 @(z) N@(y). Moreover, let t = A(z) V A(y), for z,y € X.

Then A(z), )\(y) < t and so x,y € goA(t). Hence, © — y € ¢,(t) and so
Mz —y) < A() V A(y). Therefore, @, is a hybrid subalgebra of X over
U. O

Proposition 3.3. Let £ : X1 — Xy be an L-homomorphism and ¢, a hybrid
subalgebra of Xy over U. Then £Y@,) is a hybrid subalgebra of X, over U.

Proof. Let x,y € L and ¢, a hybrid subalgebra of X5. Then

ENP)x = y) = d(E(x —y))

(€(z) = &(y))

(€(z)) Np(&(z))
EH@)x) NEH @) (y).

P
2 ¢

And

=) (@) VET(V)(Y).
Therefore, £71(5,) is a hybrid subalgebra of X; over U. H
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Proposition 3.4. Let § : X1 — X5 be an L-epimorphism. For every hybrid
structure 1y in Xy over U, if 7Yy is a hybrid subalgebra of X1 over U,
then )y s a hybrid subalgebra of Xs over U.

Proof. Let § : X1 — X3 be an L-epimorphism and ¢ 1(4hy) be hybrid subal-
gebra of X7 over U, where a v, hybrid structure in X, over U and a,b € Xos.
Then there exist z,y € X; such that £(x) = a and £(y) = b. Now,

dla = b) = (E() > )

And

= A(a) V A(b).
Therefore, 1% is a hybrid subalgebra of X5 over U. [

4. HYBRID IDEALS IN L-ALGEBRAS

In this section, we introduce the concept of hybrid ideals in L-algebras and
present some related results.

Definition 4.1. Let X be an L-algebra. Then a hybrid structure ¢, in X
over U is called a hybrid ideal of X over U if it satisfies the followings for
any x,y € X:

(H10) &(1) 2 o(x), A1) < Az),

(HI1) ¢(y) 2 o(x) Npr — y), A()SA(SE)VA(OS—HJ)
(HI2) ¢((x = y) = y) 2 ¢(x), A (x—>y) ) < A)
(HI3) ¢y = =) N @(y
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Denote HID(X) the set of all hybrid ideals of X over U. Note that, by
(HI3), every hybrid ideal of X over U is also a hybrid subalgebra of X over
U.

Example 4.2. Let X be the L-algebra as in Example 4.3 and
U= {U1, Uz, U3, U4, u5}

be an initial universe set and ¢, = (¢, A) be a hybrid structure in X over U
which is given by Table. 3:

Table. 3: Hybrid structure

L O A
0 {U3,U4} 0.5
a {ug, us} 0.5
b {ul,u2,u;),,U4} 0.4
1 U 0.3

Then by direct calculations, we verify that ¢, is a hybrid ideal of X over U.

Example 4.3. [1] Let X = {a,b,c, 1} be a poset with a,c < b < 1. Define
the operation — on X as follows:

Table. 4: Implication
1
1
1
1

1

-algebra. Let U = {uq,us, us, uyg, us} be
,A) be a hybrid structure in X over U

P—‘OCP‘Q\L

a
1
a
a
a

OO0

h o] [ Sy [ Y N

Then (X, —,0,1) is a bounded
an initial universe set and @) = (
which is given by Table. 2

Table. 5: Hybrid structure

Ay

L %) A
a | {ui,us,us} 0.8
b {UQ,U?)} 0.6
c | {us,ug,us} 04
1 U 0.2

Then by direct calculations, we verify that ¢, is a hybrid subalgebra of X
over U and is not a hybrid ideal of X over U, because

{U%us} = p(b) 2 ple) N @le = b) = {uz, us, us}
and 0.6 = A(b) £ A(c) V A(c — b) = 0.4.
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Proposition 4.1. Every hybrid ideal of X is a hybrid subalgebra of X .

Proof. Let @) be a hybrid ideal of X over U and x,y € X. Then by (HI3),
Polr —y)Ng(z — (y — x)) 2 $(y) and since

Pz —y) 20 —y)Ne(r — (y — x))
and ¢(y) 2 ¢(x)N(y), we conclude that o(z — y) 2 p(x)NG(y). Moreover,
since (HI3) states that (HI3), AM(x — y) V AM(z — (y a:)) < A(y) and since
Mz —=y) <Mz —=y)VA(z — (y — x)) and A(y) < A(x)V A(y), we conclude
that A(x — y) < A(x) V A(y). Therefore, ¢, is a hybrid subalgebra of X over
U. O

Proposition 4.2. Let ¢y be a hybrid ideal of X over U. Then for any
x,y,z € X:

(i) if = <y, then $(x) € B(y) and My) < A(x).

(17) If v <y — 2z, then ¢(z) 2 ¢(x) N P(y) and A(z) < A(z) V A(y).

(tii) If v — (y — 2) = 1, then ¢(z) 2 @(z) N @(y) and M(z) < A(x) V A(y).
() p(x = 2) D2 9(x = y)NP(y — z) and A(x — z) < XMz — y)VA(y — 2),

v
where X is a KL-algebra.

v) oy = 2) 2 ¢(x) N@((z = y) — 2) and
ANy = 2) < AMzx) VA((z — y) = 2),
where X is a KL-algebra.

Proof. (i) Since x <y, we have x — y = 1. By (H10) and (H 1), we obtain:
Py) 2 p(x) Nz —y) = ¢(x) NG(1) = o(x)

Additionally,
Ay) < Ax)V Az —y) = Az) VAL) = Ax).
(#7) Suppose © < y — z, for z,y,z € X. By (i), o(y — z) 2 ¢(z) and
ANy — 2) < A(z). Moreover by using (HI1), ¢(z) 2 ¢(y — 2) N ¢(y) and

A(z) <Ay = 2) V Ay),
Substituting from above, we conclude ¢(2) 2 @(x) N @(y) and
Az) < Az) V A(y).
(2i1) It is clear by (i),
(iv) Since X is a KL-algebra, we have y — 2z < (y = =) — (y — 2) and so
by (7), we obtain:

v

ey = z) = (y — 2))

oy —
My —2) = (y—2) <A

(y —

IN U

\_/
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Moreover, by (L2),
Pz =y) = (r—=2) =0y =) = (y = 2))
A

Mz —=y) = (r—=2)=

Thus, we conclude:

Furthermore,

Finally,

VANEVA
/>_:>/
8

1
S

<
>

Ny

1
X

(v) By (L2), we have
(y—=(x—y) > y—2)=(z—=y) =y = (z—>y) —2),
we get that
P((y—=(@—y) = y—2)=0(r—=y) =y = (z =y —2))

My —=(z=y) = W—=2)=ME =y =y = (z=y

~—

— 2))

Moreover, Since X is a KL-algebra, we have:
p(((x—=y) =y) = (2 —>y) > 2) 26z = y) = 2)
Mz —=y) 2y) = ((z—=y) = 2) <A

Additionally,

((z = y) = 2)

—~
8

Py = (r — y)) )
My = (= y))

Now, by (H12), we conclude that

IN U
>

—~
S

Sly—2) 20y — (=) Ne((y = (r = y) = (y — 2))
Py = (x—=y)Ng(((x —y) =y = (r—=y)—2)
P(z) NP((x — y) = 2)

1l
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Thus, combining these results, we obtain:

Ay —2) ANy = (@—=>y)VA(y = (z—=y) = (y—2)
=My = (x=9)VA((zr —=y) = y) = (z—=y) = 2))
<ANz)VA((x = y) = 2)

]

Remark 4.4. Let X be an L-algebra and ¢, be a hybrid ideal of X over U.
Then
(¢) if X satisfies condition (K), then for any z,y € X, x — (y — ) = 1 and
so by (HI1), we obtain ¢(x) C ¢(1) = p(x — (y — x)) and
AMz) > A1) =AMz — (y — x)).

Moreover, since z < (y — x), by condition(/K), applying Proposition 4.2(7)
yields:
o(r) € ¢(y — x) and A(z) > Ay — x). Thus,

ply—=2)Ngly = (= y)) 2 (), Ay = 2) VAYy = (& = y)) < A@)
and so (H13) holds. Hence, (HI3) holds, and (HI3) can be omitted.
(27) If X satisfies condition (D), then z — ((x — y) — y) = 1 by (HI0) and
(HI1), we get that

p(x —=y) =y) 2¢@)Nelr = ((z = y) = y) = o) Ne1) = &)
Additionally,
Mz —=y) = y) M) VAz = (2= y) = y) = AMz) VAQ) = Az).

(232) If X satisfies condition (C'), then condition (D) and (K) hold. Conse-
quently, by (¢) and (¢i), (H12) and (HI3) can be omitted.

Proposition 4.3. Let (X;—,1) be a CKL-algebra and let @y be a hybrid
structure of X over U such that satisfies in (HI10). Then the following
statements are equivalent:

(7) @ is a hybrid ideal of X over U,

(17) p(x — 2) D P(x = y)NP(y — 2) and Mz — z) < Mz = y) VA(y — 2),
forany xz,y,z € X,

(1i1) If x <y — 2, then 9(2) 2 @(z) N @(y) and M(z) < Xz) V A(y), for any
x,y,z € X.

Proof. (i) = (ii) and (i) = (éi7) follow directly from Proposition 4.2(7i) and

(1v).
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(74) = (i): Since X is a CKL-algebra, by Remark 4.4, we have (H12) and
(HI3). Now, we prove (HI1). Let x,y € X. Then by (L1), z =1 — z and
y = 1 — y and so by assumption

ply) =o(l =y) 261 = 2)N@(x —y) =¢(x) Nz —y)

AMy) =A1—=9y) <A1l—=2)VAx—y) =Ax)VAx—y).
Hence, ¢, satisfies in (HI1) and so is a hybrid ideal of X over U.
(#31) = (i): Since X is a CKL-algebra, we only need to prove (HI1). Since
r—y<z—y forany x,y € X, by (iii) we get that ¢(y) 2 @(z)N@(x — y)
and \(y) < A(z) V A(z — y). Thus, @, is a hybrid ideal of X over U. O]

Let ¢y be a hybrid ideal of X over U. Define the binary relation =5 on X
as follows:
r =g, y if and only if (x — y) = oy = x) = H(1),
Mz —=y) = Ay — x) = A(1)

Theorem 4.4. Let ¢y be a hybrid ideal of KL-algebra X over U. Then =g,
s a congruence relation on L.

Proof. Let x,y,z € X. Then by (L1), p(x — =) = ¢(1) and AM(z — x) = (1)
and so x =g, x. Hence, =;, is a reflexive relation on X. By Definition =g,
it is clear that =;, is a symmetric relation on L. Now, let x =5, vy and
y =g, 2. Then ¢(z = y) = ¢(y = z) = ¢(1), Mz — y) = Ay — =) = A(1)
and $y — 2) = @(= = y) = @(1), Ay = 2) = Az = ) = A(1). Now,
Proposition 4.2(iv),
Pl —=2) 29 =y)Nely = 2) = ¢(1)
Pz —x) 2
Moreover,

A
AMz—=z) < AMz—=y)VA(y —x)= A1) VA1) = A(1)
Hence, by (H10),
Pl = 2) =9z = x) =¢(1), Mz — 2) = Az = z) = A1)

And so x =3, 2. Therefore, =3, is a transitive relation on X and so =g, is
an equivalence relation on X.

Now, we prove that =3, is compatible with —. Assume that = =3, y, for
z,y,z € X, then ¢(z — y) = p(y — x) = ¢(1) and

Ao =) = Ay = 7) = A1)
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and since by condition (K), z - y < (x — 2) — (x — y), by Proposition
4.2(i) and (L1), we conclude that

Pz =) = (2 =y) =o((x = 2) = (r=y) 20 —=y) =¢(1)
And
Mz—=2)=Z=2y)=(z—2) = (r—y) <Az —=y)=A1).
Hence, by (HI10), p((z — z) — (z = y)) = ¢(1) and
AM(z = x) = (2= y) = A1),
Similarly, we obtain ¢((z = y) — (2 = x)) = ¢(1) and
AM(z—=y) = (z—x) = A1),

Thus, z = x =3, 2 — y. Now, we prove that x — 2z =5, y — 2. Since ¥ =3,
y, we have p(z — y) = ¢(y — x) = (1) and ANz — y) = Ay — z) = A(1).
By (L1) and (HI2),

Pz =y) = (r—=2) =y —=2) =0y = 2) = (y = 2) = (y = 2))

2 oy — )
=¢(1)
And
M@z —=y)=(@—=2) = H—=2) =AMy —=2) =y —2) =Y —2)
<Ay — x)
= A(1)

Hence, by (H10), we conclude that

P(((z = y) = (r=2) = (y = 2)) = ¢(1)
1?lnd AM{(z = y) = (x = 2) = (y — 2)) = A(1). Now, since by (HI1), we

Pz =y) = (y—=2) 20@ =y)Ne(((x = y) = (2= 2)) = (y = 2))
= @(1)N

<
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Hence, by (HI0), we conclude that ¢((x — 2) — (y — 2)) = $(1) and
AM(z — 2) = (y = 2)) = A(1). Moreover, since by (L1) and (HI12),

P((y = 2) = (y=2) = (@ =2) =o(((z = y) = (r=2) = (r = 2))

2 g(r —y)
= ¢(1)

And

My—2)=(y—=2) = (@—=2) =M=y = (r—2) = (r—2)
< Mz —y)

Hence, by (H10), we conclude that

Py = 2) = (y = 2) = (z = 2)) = (1)

ind M(y—2z) = (y— 2)) = (x — 2)) = A(1). Now, since by (HI1), we

Py —=2) = (x—=2) 20y —=2)Ne(((y > z) = (y = 2) = (& — 2))
= (1) Ne(1)
= 5(1)

And

My—=2)=(@—=2) 2My—=2)VA(ly = z) = (y = 2)) = (z = 2))
= A1) VA1)
= A(1)

Hence, by (HI0), we conclude that ¢((y — z) — (r — 2)) = $(1) and
AM(y = 2) = (x = 2)) = A(1). Therefore, v — 2z =3, y = z and so =, is a
congruence relation on X. ]

Let z € X and ¢, be a hybrid ideal of X over U. Then we denote the
equivalence z w.r.t =3, by [z]s, ([z] for short). Furthermore, we define quo-
tient algebra % = {[z] | x € L} and the operation ==, for [z],[y] € % as
follow:

2] =yl =z =y
The top element is [1] and [z] < [y] if and only if [x] =2 [y| = [1] if and only
if [x — y] = [1] if and only if x — y =5, 1 if and only if

p(1 = (x—=y) =o((x—=y)—=1)=¢1)



and
Ml = (z—=y)=AMx—y) —1)=A1)
if and only if
Bz = y) = $(1) and Az = y) = A(1).

Theorem 4.5. Let ¢y, be a hybrid ideal of KL-algebra X over U. Then
(£, =,[1]) is an L-algebra which is called quotient L-algebra respect to Py.

EJ
Proof. It followos from Theorem 4.4. Il

Proposition 4.6. Let ¢y be a hybrid ideal of KL-algebra X over U. Then
(4) [1] ([1])g,) is an ideal of X.
(17) If 0 is a congruence on E, then [1]y is an ideal of X.

Proof. (i) Tt is clear that 1 € [1]. Let z,x — y € [1], for z,y € X. Then
r =3 1land v — y =3, 1. By Theorem 44, x — y =5, 1 — y and so
by transitivity of =;,, we conclude that 1 — y =3, 1 and since by (L1),
1 -y =y, we get that y =3, 1 and so 1 € [1]. Now, let € [1]. Then
x =3, 1 and so by Theorem 4.4, x — y =5, 1 — y = y. Hence,

=y =y=py—y=1
and so (r — y) — y € [1]. Moreover, if x € [1], then by Theorem 4.4,
y—=(x—=y) =py—y=1

andy - v =5, y—>1=1landsoy = (v = y) € [1] and y = 2 € [1].
Therefore, [1] is an ideal of X.
(#2) The proof is similar to proof (7). O

For congruence relation # on X, we define the hybrid structure U Ag In X
over U as follow:

Uyg:= (U, Ng): L — P(U) x I

~ L U Zf.%‘ - [1]9,
Wy(z) := { 0 otherwise.
0 fo - [1]3,
1 otherwise.

() == {

Theorem 4.7. Let 0 be a congruence on KL-algebra X . Then \i/)\,g s a hybrid
tdeal of X over U.
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Proof. Let 6 be a congruence on X. Then by Proposition 4.6(i7), [1]g is an
ideal of X and so 1 € [1]y. Hence, Wy(1) = U D Wy(z) and Mg(1) = 0 < Mg(z),
for any € X. Hence U,y satisfies in (HI0). Now, let z,y € X. If
x,x — y € [1]y, then by Proposition 4.6(7), y € [1]s and so

U(y) = U 2 Wp(z) N Ty(z — y)

() V Ng(x — y). fa g [l]porx — y ¢ [l]y, then
o(x )—lor\Pg(x%y)—@and/\g(:c%y)—1 Hence,
Wy(y) 2 (z) = \119( ) N Wy(z — y) and Ag(y) < 1 = Ng(x) V Mg(z — y) and
so Wy g satisfies in (HI1). Now, for (HI2), suppose that z € [1]y, then by
Proposition 4.6(i), (x — y) — y € [1]p and so

)

Uy((x = y) = y)=U DU = Vy(x)

and M((z — y) = y) =0 < 0= Ng(z) and if ¢ [1]y, then by definition
Uro, Vo((z = y) = y) 2 0 = Vy(x) and M((z — y) = y) < 1 = M(z).
Hence, ¥, g satisfies in (H12). Moreover, for (HI1), again if € [1]y, then
by Proposition 4.6(i), y — x € [1]p and y — (z — y) € [1]p and so

Uy(y — )N We(y = (x —y)) =U DU = Ty(x)

My —=2)Vy— (xr—=y)=0<0= X (x)
And z ¢ [1]y, then by definition \if)\ﬂ,

Wo(y = ) N Wy(y = (= 1)) 20 = Uy(x)

My —=2)Vy— (z—y) <1=X )
And so (HI3) holds. Therefore, W, 4 is a hybrid ideal of X over U. O]

Theorem 4.8. Let C(X) be set of all congruence relations on KL-algebra X .
Then

(¢) the mapping o : HID(X) — C(X) which is defined by () ==, is
onto.

(i1) The mapping B : C(X) — HID(X) which is defined by B(6) = Wy 4 is
on-to-one.

(ZZZ) 0405 = Z'dC(X).

(iv) There exists an on-to-one correspondence between C(X) and HID*(X),
where

HID*(X) = {p, €e HID(X) | (1) = U, A(1) = 0 and §(z) = 0,
wheng(x) & U, ANx) =1, when \(z) # 0}.



798 PAAD

Proof. (1) Consider the mapping o : HID(X) — C(X) by a(g)) ==g,.
Firstly, we prove that « is well define. Let ¢y = tb,. Then $(z) = ¢(z) and
Ax) = v(x), for any = € X. Hence, (a,b) €=, if and only if

pla—0) = @b — a) =p(1)
and A(a — b) = A(b — a) = A(1) if and only if

d(a—b) = (b —a) =P(1)
and v(a = b) = v(b — a) = v(1) if and only if (a,b) €=; . Thus, =5,==;
and so a(Q)) = a(zﬁy). Therefore, o is a well define mapping. If § € C(X),
then by Theorem 4.7, W,y is a hybrid ideal of X over U and so

Wy¢ € HID(X). Now, we prove that a(@ys) = 6. In fact we must prove
that =; =0. Let u,v € X. Then (u,v) €=y , if and only if

Ty(u — v) = Uy(v — u) = Uy(1)

and A\p(u — v) = Mg(v — u) = Ng(1) and since § € C(X), by Proposition
4.6(7), we get that [1]y is an ideal of X and so 1 € [1]y. Hence,

Tg(u —v) = Ug(v = u) = Uy(1) = U

and Mg(u — v) = (v = u) = (1) = 0 and so u — v € [l]p and
v — u € [l]g. Thus, [ulp = [v]g = [1]p and [v]p = [u]s = [1]y and
so [ulp < [v]p and [v]p < [ulp. Therefore, [uly = [v]p and so (u,v) €
Hence, =;,,C 0. Conversely, let (z,w) € 0. Then [z]p = [w]yp and s
[z = wly = [2]p = [w]y = [1]p. Hence, z — w € [1]y and so ¥y(z = w) = U
and \g(z = w) = 0 and since 1 € [1]y, we conclude that ¥y(1) = U and
Mo(1) = 0. Thus, @gg(z — w) = Pp(1) and Ag(z — w) = Ag(1). Similarly,
Go(w — z) = @p(1) and Ng(w — z) = Mg(1) and so z =3,, w. Hence,
(z,w) €=4,, and so  C=;, ,. Therefore, =5, ,= ¢ and so a is onto mapping.

(#7) Consider the mapping 3 : C(X) — HID(X) by 3(f) = 4. Firstly,
we show that [ is well define. If §; = 6, then [1]y, = [l]g, and so
Wy, (z) = Wy, (x) and Mg, (z) = N, (), for any z € X and so Uyg, = Tyy,.
Therefore, 8(61) = B(6>) and so (3 is well define mapping. Now, we prove [ is
an on-to-one mapping. Let 5(61) = B(6), for 61,0, € C(X) and (¢, d) € 6.
Then [c|y, = [d]g, and so [d — c|g = [¢ — d]y = [1]y,. Hence,

d—c,c—d e [l]p

and so Wy, (c —d) = Wy, (d — ¢) = U and since 3(01) = B(62), we conclude
that Wy g, = Wy, and so ¥y, (¢ = d) = Vy,(c — d) and
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Uy, (d = ¢) = Yy, (d — ¢).

Hence, Wy, (¢ — d) = U and Wy, (d — ¢) = U and so d — ¢,c — d € [1]y,.
Thus, [clo, = [d]p, = [c — d]op, = [1]o, and [d]g, = [clo, = [d = c|p, = [1]s,
and so [clg, < [d]g, and [d]g, < [c]p,- Hence, [c]p, = [d]s, and so (c,d) € 0.
Hence, 6#; C 6y and by similarly, #; C 6;. Therefore, 6; = 6y and so 3 is an
on-to-one mapping.

(771) For any 0 € C(X), we have

a0B(6) = a(B(6)) = a(Wrg) ==g, =

Hence, aoff = idgx)
(iv) We define mapping ¢g* : C(X) — HID*(X), by ¢*(8) = (), where

HID*(X) = {¢) € HID(X) | ¢(1) = U, \(1) = 0 and $(z) = 0,
when ¢(x) & U, AMz) =1, when A(z) # 0}.

By (i), g* is an one-to-one mapping. Now, we prove that ¢g* is onto. Let
¢» € HID*(X). Then by Theorem 4.4, =3, is a congruence relation on X
and so =3, € C(X). Moreover, we show that g*(=3,) = ¢,. By definition g¢*
we have g*(=;,) = \IIA_ (\I/:m, A=, )-

Now, if 1 € [1]=, , then z =5, 1 and so
p(1 =) =¢(1), A1 = z) = Alz) = A1)

and so by (L1), ( ) = @(1), AMz) = A1) and since ¢, € HID*(X), we
get that ¢(1) = U, A(1) = 0 and so ¢(x) = U, A(z) = 0. Moreover, since
1€ [llz, , we get that ‘if_ () =U, Mz, (7) = 0. Hence, qJE@(a}) = ¢(z) and
A=, (7) = M2).

If1¢[1]=, , then x #5, 1 and so

P(1 =) =¢(x) # o(1) =U, M1 = z) = Mx) # A1) =
and since ¢y € HID*(X), we get that ¢(z) = (), A(z) = 1 and since 1 & [1]=_ ,
we get that

U__ (z) =0, \=g(z) = 1.

@

Hence, @E¢(x) = ¢(x) and A\=p(z) = A(z), for any « € L. Therefore,
\Tl,\E@A = ¢y and so g*(=p,) = @r. Therefore, g* is an on-to-one correspon-
dence between C(X) and HID*(X). O
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5. CONCLUSION

The results of this paper focus on studying the notion of hybrid structures in

L-algebras. By defining hybrid subalgebras within L-algebras, this structure

1S

examined, and hybrid ideals of L-algebras are constructed. It is shown that

the quotient L-algebra, which respects a hybrid ideal, is an L-algebra for any
hybrid ideal. Finally, it is proved that there is a one-to-one correspondence
between the set of all congruence relations and the set of all hybrid ideals,
given a few additional conditions.

1.

w

11.

12.

13.

14

15
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